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The Riemann hypothesis states that all nontrivial zeros of the zeta function lie in the critical line 
Re(s) = 1/2. Hilbert and Polya suggested that one possible way to prove the Riemann hypothesis 
is to interpret the nontrivial zeros in the light of spectral theory. Following this approach, we 
associate such a numerical sequence with the discrete spectrum of a linear differential operator. We 
discuss a necessary condition that such a sequence of numbers should obey in order to be associated 
with the spectrum of a linear differential operator of a system with countably infinite number 
of degrees of freedom. The sequence of nontrivial zeros is zeta regularizable. Then, functional 
integrals associated with hypothetical systems described by self-adjoint operators whose spectra is 
given by the sequence of the nontrivial zeros of the Riemann zeta function could be constructed. 
In addition, we demonstrate that if one considers the same situation with primes numbers, the 
associated functional integral cannot be constructed, due to the fact that the sequence of prime 
numbers is not zeta regularizable. 
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I. INTRODUCTION 

The Riemann zeta function £(s) defined by analytic 
continuation of a Dirichlet series has a simple pole with 
residue 1 at s = 1, trivial zeros at s = —In. n = 1,2, ... 
and infinitely many complex zeros p = f3-\-vy for /3, 7 e K 
and < j3 < 1. The Riemann hypothesis is the conjec- 
ture that j3 = 1/2 [y. Another conjecture is that all 
zeros are simple. Both conjectures are unsolved prob- 
lems in mathematics and much effort has been expended 
using various approaches to prove or disprove such con- 
jectures. Hilbert and Polya suggested that one way to 
prove the Riemann hypothesis is to give a spectral inter- 
pretation to nontrivial zeros of Q(s). The nontrivial zeros 
could be the eigenvalues of a linear self-adjoint operator 
in an appropriate Hilbert space. For a nice introduction 
to the Riemann hypothesis, see the Refs. [U, H|- 

In recent years the behavior of solutions of the Hamil- 
ton equations for different systems have been analyzed 
using methods of nonlinear mechanics. Methods in semi- 
classical physics allow us to formulate the quantization 
from the periodic orbits of a classically chaotic system. 
Research in this direction started with Gutzwiller [H, H[ 
who presented a formula which enables one to calculate 
the spectral density of chaotic systems, a trace formula 
that express the density of states as a sum over the clas- 
sical periodic orbits of the system. Subsequent works 
of Bohigas, Giannoni, Schmit j(| 0] and also Berry @ 
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raise the conjecture that a quantum energy spectra of 
classically chaotic systems may show universal spectral 
correlations which are described by random matrix the- 
ory 0, [Toj]. Another important conjectured was stated 
by Montgomery [TT| | and supported by numerical evi- 
dences pjl]: the distribution of spacing between non- 
trivial zeros of the £(s) function is statistically identical 
to the distribution of eigenvalue spacings in a Gaussian 
unitary ensemble, a result that prompted many authors 
to consider the Riemann hypothesis in the light of ran- 
dom matrix theory a nd q uantum mechanics of classically 
chaotic systems [1314171 . Being more specific, there is 
a similarity between the number theoretical relationship 
that can be obtained for the nontrivial zeros of the Rie- 
mann zeta function and the sequence of prime numbers, 
and the connection that can be obtained between energy 
levels and a quantum chaotic system and classical peri- 
odic orbits. The density of Riemann zeta function zeros 
can be written as a trace formula where the role of pe- 
riodic orbits of chaotic systems is played by the prime 
numbers. 

Since non-separability in wave problems leads us to 
chaotic systems in the limit of short wavelengths, from 
the above discussion one cannot disregard the possibility 
that a quantum field model described by a nonseparable 
wave equation for a given boundary condition is able to 
reproduce the statistical properties of the nontrivial zeta 
zeros. Other possibility to shed some light in the spectral 
interpretation for the- zeros is the study of field theory in 
disordered medium, such as wave equations in random 
fluids or amorphous solids 18; 22 [which can be modeled 
using random matrix theory 23j, |24[ or also nonlinear di- 
electrics [25j]. For instance, it was shown that the level 
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spacing distribution of disordered fcrmionic systems can 
be described using random matrix theory [2H \2l\ . There- 
fore, further progress on the Hilbert-Polya approach can 
be achieved investigating such a kind of systems dis- 
cussed above. The necessary condition that a system 
with countably infinite number of degrees of freedom 
should satisfy is that its functional integral must be zeta 
regularized. We would like to point out that systems 
with the spectra of the nontrivial zeros of the £(s) func- 
tion have been discussed in the literature before. The 
statistical properties of a Fermi gas whose single-particle 
energy levels are given by these zeros were investigated 
in [H, [29|. Also, in order to solve questions related to 
the number theory using statistical-mechanics methods, 
some authors introduced number theory and prime num- 
bers in field theory [30l - l36| . 

The aim of the present paper is twofold. First we prove 
that the sequence of the nontrivial zeros of the Riemann 
zeta function can in principle be interpreted as being the 
spectrum of a self-adjoint operator which describes some 
hypothetical system with countably infinite number of 
degrees of freedom. We regularize the product of this se- 
quence of numbers by defining the zeta regularized prod- 
uct associated with them. If these numbers can be associ- 
ated with the spectrum of a linear differential operator, 
the zeta regularized product is the determinant of the 
linear operator (37H45| . 

Using arguments of duality we also investigate if the se- 
quence of prime numbers could be the spectrum of some 
hypothetical physical system. We demonstrate that the 
sequence of prime numbers is not zeta regularizable (4(| . 
In other words, one cannot conceive a physical system 
with countably infinite number of degrees of freedom 
with a pure prime number spectrum. Since any quan- 
tum mechanical system with n-degrees of freedom derives 
from n-component scalar field model in one dimension, 
our result put strong restrictions on the formulation of 
quantum mechanical systems with a pure prime numbers 
spectrum. 

The organization of this paper is the following. In Sec- 
tion II we discuss briefly the Riemann zeta function and 
the Hilbert-Polya conjecture. In Section III we prove 
that the nontrivial zeros of the Riemann zeta function is 
zeta regularizable. The consequences of this result are 
discussed. In section IV we show that the sequence of 
primes numbers is not zeta regularizable. In section V 
we discuss possible relations between the asymptotic be- 
havior of a sequence and the analytic domain of the as- 
sociated zeta function. Conclusions are given in Section 
VI. In the paper we use &b = c = H= 1. 



II. THE RIEMANN ZETA FUNCTION AND 
HILBERT-POLYA CONJECTURE. 

The prime numbers occur in a very irregular way 
within the sequences of all integers in local scales (lo- 
cal scales means on intervals comparable to their mean 



spacing). On the other hand, on large scales they are 
very regular. The best result that we have concerning 
its global distribution is the prime number theorem: if 
ir(x) is the number of primes less than or equal to x, then 
x^ 1 tt(x) \n(x) -> 1 as x -> 00 [47l - [5ll ]. 

Riemann showed how the distribution of the prime 
numbers is determined by the nontrivial complex zeros 
of the zeta function. A explicit formula with sums in- 
volving the prime numbers and other sums involving the 
zeros of the zeta function was presented [52l - [55j . We 
start discussing how the product of all primes appears in 
a representation of the Riemann zeta function C(s). 

Let s be a complex variable i.e. s = a + ir with a, r G 
R. For Re(s) > 1 the Dirichlet series 

E- 

n=l 

converges absolutely, and uniformly for Re(s) > 1 + 5, 
for all 5 > 0. It is possible to show that 

««)-n(iz^). (2> 

for p E V where V is the set of all prime numbers. The 
product giving by the Eq. ([2]) is called the Eulcr product. 
This is an analytic form of the fundamental theorem of 
arithmetic, since primes are multiplicative building block 
for the natural numbers. Eqs. ([T]) and (J5J) connect the ad- 
ditive structure in order to generate successive positive 
integers to this multiplicative structure. From the con- 
vergence of Eq. J2|) we obtain that £(s) has no zeros for 
Re(s) > 1. 

The Riemann zeta function £(s) is the analytic con- 
tinuation of the Dirichlet series defined by Eq. ([T|) to 
the whole complex plane. Its unique singularity is the 
point s = 1 at which it has a simple pole with residue 1. 
Moreover it satisfies the functional equation 

7r-4rQ)c(*) = 7r-^r(i^)c(i-*) ) (3) 

for s E C \ {0, 1}. Let us define the entire function £(s) 
as 

£(«) = ^(*-i)7r-ir(!)c(«). (4) 

Using the function £(s), the functional equation given 
by Eq. © takes the form £(s) = £(1 — s). If p is a 
zero of £(s), then by the functional equation so is 1 — p. 
Since = we have that p and 1 — p are also 

zeros. The zeros are symmetrically arranged about the 
real axis and also about the critical line. Let us write 
the complex zeros of the zeta function as p — k + ij, 
7 £ C. The Riemann hypothesis is the statement that 
all 7 are real. A weak form of the Riemann hypothesis, 
namely that there are no zeros of zeta function on the 
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line {s : Re(s) = 1}, implies the prime number theorem. 
We have C(l + ir) # for all t£|. 

To proceed, let us define the von Mangoldt function, 
A which is defined as follows: A(n) = hip if n = p p for 
p £ N, and otherwise, where p is a prime number. The 
significance of this function is that for Re(s) > 1 if one 
differentiate logarithmically the Euler representation of 
zeta function for Re(s) > 1 obtain 




= -^A(n)n- s . (5) 

n>l 

Next, let us define the Chebyshev function ip{x) which is 
the counting function for A(n) by 

= £A(n). (6) 

Using Hadamard's theory that allows one to define an 
analytic function by its zeros and singularities we can 
obtain 

£ w _,-^^£ ( ! +1H? (^ + i), 

(7) 

where p runs over the zeros of £(s) counted according 
to multiplicity. The constant f3 is related to the Euler 
constant 7 by the formula 

j 8 = -i 7 -l-i]n27r. (8) 

Another important result is the Ricmann-von Mangoldt 
explicit formula given by 

|Imp|<T P SV ; 

where the sum is taken over the nontrivial zeros of the 
Riemann zeta function. Possible multiple zeros are re- 
peated according to their multiplicity. This formula is 
valid if x is not a power of a prime number, but can be 
generalized without any restriction upon x in a easy way. 

The main point of Riemann's paper is that the two se- 
quences, of prime numbers on one hand and the Riemann 
zeros on the other hand are connected. The erratic be- 
havior of the primes is encoded in the nontrivial zeros of 
the zeta function. Although we also expect this erratic 
behavior for the zeros, these two sequence of numbers 
have totally distinct behavior with respect to being the 
spectrum of a linear differential operator. According to 
the Hilbert-Polya conjecture, the nontrivial zeros of the 
Riemann zeta function are related to the eigenvalues of 
a self-adjoint operator. It is possible to show that the 



two-point correlation function of the zeros of the zeta 
function in the critical line is the two-point correlation 
function of the eingenvalues of a random Hcrmitian ma- 
trix taken from the Gaussian unitary ensemble, showing 
that there is a consistence with the conjecture of Polya 
and Hilbcrt . 

In the next section we prove that the sequence of non- 
trivial zeros of the Riemann zeta function is a zeta reg- 
ularizable sequence and therefore can be associated with 
the spectrum of a linear differential operator of a system 
with countably infinite number of degrees of freedom. 

III. THE SUPER-ZETA OR SECONDARY ZETA 
FUNCTION AND ITS ANALYTIC EXTENSIONS 

Let (M, g) be a compact, Riemaniann C°° manifold, 
with metric g = (gij) on M . We assume that M is con- 
nected and dimM = d. Let D be a generic elliptic op- 
erator acting on a neutral scalar field ip, both defined in 
M . We assume that the behavior of the fields at infinity 
is such that the compactification is possible. In order to 
obtain the correlation functions of the theory one should 
construct the generating functional Z[h\. Defining an ap- 
propriate kernel K(mo; x — y), the generating functional 
Z[h] is formally defined by the following functional inte- 
gral: 

Z[h] = J [dip] exp (-So - J d d x^/gjxj h{x)p(x)^j , 

(10) 

where g ~ dct(gij) and the action that usually describes 
a scalar field is 

s o(v) = J d d x d d y g(x)y/ g(y)tp(x)K(m ; x-y)<p(y). 

(11) 

In Eq. ([TO]) , [dp] is a translational invariant measure, 
formally given by [dp] = dip(x). The term ttiq is 
the (bare) mass squared of the model. Finally, h(x) is 
a smooth function introduced to generate the Schwinger 
functions of the theory. One can define the functional 
W[h] ~ \nZ[h] which generates the connected Schwinger 
functions. In order to obtain a well-defined object, we 
need to regularize a determinant associated with the op- 
erator D, since 1U[0] = — l/21ndet£>. A similar situation 
arises when one calculates the one-loop effective action 
for non-Gaussian functional integrals. 

Let {a n } n6 N ^ e a sequence of nonzero complex num- 
bers. The zeta regularization product is defined as 

Y[ a n =: cxp(--^-Ca(s)\s=o\ (12) 

provided that the spectral zeta function X^neN a n S nas 
an analytic extension and is holomorphic at s = 0. Note 
that the definition of a zeta regularized product associ- 
ated with a sequence of complex numbers depends on 
the choice of arga ra . Therefore some care must be taken 
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to deal with this problem. However, in this paper we 
assume a sequence of nonzero real numbers, so such a 
problem is absent. 

In the following we are using the Dirichlet series in- 
spired in the Minakshisundaram-Pleijel zeta function 
[5a |. The standard technique of the spectral theory of 
elliptic operators implies the existence of a complete or- 
thonormal set {fk}kLi such that the eigenvalues obey: 
< Ai < A2 < ... < Xk — > 00, when fc — > 00 where 
the zero eigenvalue must be omitted (eigenvalues being 
counted with their multiplicities). In the basis {fk} the 
operator D is represented by an infinite diagonal matrix 
D = diag (Ai, A2, ...). Therefore the generic operator D 
satisfies Df n (x) = X n fn{x). The spectral zeta function 
associated with the operator D is defined as 



^( S ) = E>7' Re( S )> So , (13) 



For instance, we need to use scaling properties, i.e., 



for some Sq. Formally we have 



ds 



(h 2 d(s)\s=o = In li 2 (d\s=q + -^Cd\ s =o 



(15) 



Let us first discuss the construction of zeta functions 
built over the Riemann zeros, i-e^, the nontrivial zeros 
of the Riemann zeta function [57H63j . Assuming the 
Riemann hypothesis, if the Riemann nontrivial zeros are 
listed in pairs as usual, i.e., {p = 1/2 ± ijk}k=i 2 ' then 
the Dirichlet series that we are interested, the G 7 (s, v) 
function for s = a + it with cr, r € R is defined as 



G 7 (s,v) 



OO 

E^ 2 

fc=i 



Re(s) >\,v> - 7l 2 . (16) 



This function can be extended to mcromorphic function 
of s £ C. Two interesting cases are v = and v = 
1/4. Let us discuss some properties of these functions, 
known as secondary zeta functions. The possibility of 
construct such Dirichlet series was discussed by Guinand 
[57) 1 . Assuming the Riemann hypothesis, then the two 
functions G p (s) and G 7 (s), defined respectively by 



— (d(s)\ s =o =lndet£>. 
as 



(14) 



In order to regularize the determinant or the functional 
integral it is necessary to perform an analytic continua- 
tion of the spectral zeta function from some half-plane, 
i.e., for sufficient large positive Re(s) into the whole com- 
plex plane. The spectral zeta function must be analytic 
in a complex neighborhood of the origin, i.e., s = 0. This 
method can also be used non-Gaussian functional inte- 
grals when one calculates the one-loop effective action. 

I 



G p (s) 



E 



lnp 



(m lnp) 



- / e3u~ s du (17) 
Jo 



0<m\np<T y 

for T — y 00 , where p runs through the prime numbers 
and m through the positive integers, and 



G 7 (s) = 5>^, Rc(s)>l, 

7>0 



(18) 



which is known in the literature as the super-zeta or sec- 
ondary zeta function, have analytic continuation which 
are connected by the following functional equation 



G p (s) - r(i - s ) 



- 2-^(1 - s) - 2 



- 5 ]C(i-) 



-2r(l- S )sin( — ]G 7 (l-s), 



(19) 



where 



OO 

E 



(-l) n (2n + !)-*, Re(s) > 1, (20) 



get 



r - 7T-2G, 



,(s) = / dxxi- 1 ^ e~^ x . (21) 



and by its analytic continuation elsewhere. Although 
the formula above was proved assuming the Riemann hy- 
pothesis, it is possible to find a generalization for it with- 
out assuming such an unproven hypothesis [5^, |6(| • It is 
possible to show that the zeta-function regularization is 
well defined for the family defined by the super-zeta or 
secondary zeta function. In the following we will present 
the analytic extension for G 7 (s) assuming the Riemann 
hypothesis. Using the definition given by Eq. (|18[) we 



Let us split the integral that appears in Eq. (f2Tj) in the 
intervals [0, 1] and [l,oo), and define the functions 



and 



A(s) 



/OO 
7>0 



(22) 



(23) 
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Note that B(s) is an entire function. To proceed let us 
use that 

V e -^ x = — V ^ 



7>0 



1 



+ e— / dte-™* (24) 

2tt ./ 



where the function ^(t) is given by 



(25) 



Substituting Eq. (f24f in (|22| we get that ^-function can 
be written as 



also analytic in a complex neighborhood of the origin, 
i.e., s = 0. 

A more detailed dev elop ment of this interesting view- 
point can be found in J64|. The key point of the discus- 
sion is the central symmetry of the set of Riemann zeros, 
p —> 1 — p, for p = 1/2 ± i^k, and Re(7fc) > 0. Note that 



1 



«7fe 



ilk 



E 



i 



(33) 



The above identity motives one to introduce the following 
super-zeta functions of first, second and third kind: 



Z-l(s,x) = 



1 



[x - p) 



-, Re(s) > 1, 



(34) 



where 



A(t) = A 1 (t) + A 2 (t) + A 3 (t), 



1 f 1 , S_3f^A(n) (inn) 

I /-I m rv> <-> 1 I X ' ' ^ I—. 



n=2 



-^2 (s) = / da; x 2 1 e 
Jo 



and finally 



1 



^3(s) = ~7T / <i" 



(26) 



, (27) 



(28) 



*(*) ■ (29) 



2^ Jo wo 
Changing variables in the j4i(s), i.e., a; — ¥ l/x we get 



, , , 1 r a -i-i/v^ A(n) _^o^ 



(30) 

It is clear that Axis) is an entire function of s. Let us 
define $(s) as 



$(.s) =A 1 (s)+5(s). 



(31) 



Using Eqs. ([23]), ([26]), ([28]), flU]) and flST) we can write 
expression ([2"Tj) as 



^-*G 7 (s) =$(«)+A 2 (t)+i43(t). (32) 



Since $(s) is an entire function and we have the inte- 
grals that define Ai{f) and As(i), the above formula is 
the analytic extension of the secondary zeta function. 
The function G 7 (s) is a meromorphic function of s in 
the whole complex plane with double pole at s = 1 and 
simple poles at s = — 1, — 2, .., — (2n + 1),... Therefore 
(s — l) 2 G 7 (s)(r(s)) _1 is an entire function. From the 
above discussion we have that the spectral determinant 
associated with the zeta zeros is well defined, since it is 
possible to find an analytic continuation of G 7 (s) to a 
meromorphic function in the whole complex s-plane and 



1 1 

Z ^> v ) = Y, h 2 + v)a , M°)> 2 (35) 
fe=i ^ fc ' 



and finally 



,a) 



E 

k=l 



1 



(7k + a) s 



Re(s) > 1. 



(36) 



All of these super-zeta can be extended to a meromorphic 
function in the entire complex plane with a computable 
singular part. Note that in Z^^a, a) we select the zeros 
in only one half-plane, therefore the analytic structure of 
this function is more singular then Z?,{p, v). 

We conclude that there is a large class of hypothetical 
systems with countably infinite number of degrees of free- 
dom, described by self-adjoint operators whose the spec- 
tra can be given by the sequence of the nontrivial zeros 
of the Riemann zeta function. The former sequences are 
zeta regularizable. In particular, one can use the super- 
zeta function Zs(s,a) in order to derive the density of 
states of a hypothetical system with random fluctuations. 



IV. THE PRIME ZETA FUNCTION AND ITS 
ANALYTIC EXTENSIONS 

Essentially, the same arguments presented above can 
be used to investigate the very special situation where 
the spectrum is given by the sequence of prime numbers. 
Before continuing, let us briefly discuss some results ob- 
tained by Leboeuf in [65j . The main quantity considered 
in such a reference was the average pair correlation of the 
prime numbers and also the distribution and autocorre- 
lation of the counting function n(x). It was shown that 
the average density R 2 (y) of prime pairs separated by a 
distance y and located around x for x — > 00 is given by 



R 2 (y) ~ (lnx)- 



1 



Si(2i:x] 
ny 



(37) 



where Si(x) = J Q X du sm ^ u > is the sine integral func- 
tion. Note that by the prime number theorem, (lnx) -1 is 
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an approximation to the average density of distribution 
(number of primes per unit interval) in the neighborhood 
of a large number x, i.e., the asymptotic average den- 
sity of prime numbers. The approximation holds when 
y <C x. In the case where y 3> 1, the average density for- 
mula agrees with the average asymptotic pair correlation 
function discussed by Hardy and Littlewood [66|]. The 
equation above expresses the fact that pairs of primes 
present anti-correlations i.e., on average the prime num- 
bers repel each other at local distances. Next it was given 
a semi-classical interpretation to the oscillating part of 
the density of prime numbers. Since the prime asymp- 
totically tends to behave as an uncorrelated sequence, 
it was suggested that the classical dynamics associated 
with the primes should be a nonchaotic system. 

One can evoke arguments of duality to discuss the ex- 
istence of a system with the spectrum given by the se- 
quence of prime numbers. Actually, some authors (67t - [7l| 
formulated the following question: is there a quantum 
mechanical potential related to the prime numbers? In 
the following we will present results that put strong re- 
strictions on the existence of quantum field theory mod- 
els and consequently quantum mechanical systems with a 
pure prime numbers spectrum. Let us examine this prob- 
lem in more detail. To proceed, we have that a Dirichlct 
series is defined by 



EO-n 



(38) 



Let us choose the coefficients a n in the form 
0, if n is 1 

0, if n is not a prime number 
1 if n is a prime number. 

From the Dirichlct series discussed above we have the 
prime zeta function P(s), s = a + ir, for a, r G R, which 
is defined as 



p(s) 



Re(s) > 1, 



(39) 



where the summation is performed over all prime num- 
bers [zl, [73|]. We are using again the notation p e V 
where V is the set of all prime numbers. The series de- 
fined by Eq. (j3"9"]) converges absolutely when a > 1. 

It is clear that if P(s) is the spectral zeta function of 
some operator, for our purposes we have to study the 
analytic extension of the prime zeta function. Using the 
Euler formula given by Eq. ([2]) we have 

00 

lnC( S ) = -]T^-p- rs , Re( S )>l. (40) 
Using the definition of the prime zeta function we have 



00 

lnC(s) = ^2 - P{rs), Re(s) > 1. 



(41) 



At this point, let us define the inverse transform of the 
Euler product formula 



coo n( i -p"')= i - 



(42) 



The inverse transform of the expanded product gives 



p ) = 



E 

71=1 



(43) 



where we introduced the Mobius function jj,(n) defined 
by [Zl,[zl 

1, if n is a square- free positive integer 
with an even number of prime factors 
fi(n) = ^ —1, if n is a square- free positive integer 
with an odd number of prime factors 
if n is not square-free 

and = 1. Using the Mobius function n(n) it is pos- 
sible to show that the prime zeta function P(s) can be 
expressed as 



P(s) 



OO 

E 

fe=i 



k 



lnC(fcs), Re(s) > 1. 



(44) 



The analytic continuation of the prime zeta function can 
be obtained simply by using the analytic continuation of 
the Riemann zeta function. Defining the function 4>{x) 
as 



we can write 



as) 



E 



(45) 



s(s-l) 



+ / dx(j>{x) i5 1 + 



(46) 



The integral that appears above is convergent for all val- 
ues of s and therefore Eq. (|46|) gives the analytic contin- 
uation of the Riemmann zeta function to the whole com- 
plex s-plane. The only singularity is the pole at s = 1, 
since the pole at s = is canceled by the pole of the 
Gamma function T(s/2). 

As we discussed, the Riemann zeta function £(s) has a 
pole at s = 1. This relationship shows that s = l/k is a 
singular point for all square free positive integers k. This 
sequence limits to s = 0. All points on the line Re(s) = 
are limit points of the poles of P(s), so that the line 
Re(s) = is a natural boundary of P(s). The prime zeta 
function can be analytically extended only in the strip 
< cr < 1. This result, that the prime zeta function 
cannot be continued be yon d the line a = was obtained 
by Landau and Walfisz [72j and discussed by Froberg [73| 
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and lilies [7J]. Let us use that C(^ s ) = z i where 2 is a 
complex variable. The function In z is analytic at every 
point of its Riemann surface and satisfies d In z/dz = z ~ 1 . 
We have that 



1 d 



k=l 



k C(ks) ds 



C(fcs), Re(s) > 0. (47) 



If A; is a square-free positive integer, in the zeros of the 
Riemann zeta function (C(ks) = 0), dP{s)/ds diverges. 
If k is not a square-free integer positive integer, again the 
quantity dP(s)/ds is not defined. Since we need to com- 
pute the derivative of the spectral prime zeta function at 
s = 0, the assumption of a prime number spectrum im- 
plies a ill-defined functional integral. Hence the sequence 
of primes numbers is not zeta regularizable. 

Finally, more can be said. Suppose that the generic 
operator D is the usual Laplacian defined in a Euclidean 
manifold. If one compares the Weyl law for the asymp- 
totic series for the density of eigenvalues of the Lapla- 
cian operator in a three-space, N(ui) = Vui 2 /2tt 2 + .., 
where V is the volume of the three-space [z3,[78| with the 
asymptotic distribution of the zeta zeros or the asymp- 
totic distribution of prime numbers that follows from the 
prime number theorem, we get quite different regimes. 
For usual quantized systems we get that to n must in- 
crease at a rate dictated by the Weyl law. For the prime 
numbers, using the prime number theorem, we get the 
asymptotic regimes p n ~ nlnn. If the zeros p = f3 + i'j, 
with 7 > are arranged in a sequence pk = /3k + ijk 
so that 7fe+i > 7fc, then \pk\ ~ jk ~ 27m/ Inn as 
n — > 00. Therefore for the zeros of the zeta function we 
get 7„ ~ n/lnn. Although both asymptotic regimes are 
quite different from the usual systems described by the 
Laplacian, the zeta rcgularization works for the sequence 
of zeta zeros and fails for the sequence of prime numbers. 
In the next section we discuss possible relations between 
the asymptotic behavior of a numerical sequence and the 
analytic domain of the associated zeta function. 



V. THE APPROXIMATIONS FOR THE 
SUPER-ZETA FUNCTION AND THE PRIME 
ZETA FUNCTION USING ASYMPTOTIC 
DISTRIBUTIONS 

The aim of this section is to propose an approximation 
for a zeta function of a numerical sequence by means of 
its asymptotic distribution. For the case of the nontriv- 
ial zeros of Riemann zeta function, the analytic domain 
and polar structure of the approximated zeta function 
is the same as the super-zeta function for Re(s) > — |. 
However, for the sequence of prime numbers, this approx- 
imation fails to reproduce the analytic structure of the 
prime zeta function. 

Let Ai < A2 < ... be the spectrum of a linear op- 
erator D. We discussed before a necessary condition for 
the existence of a physical system with countably infinite 
degrees of freedom and possessing such a spectrum: the 



spectral zcta-function associated with such a sequence 
shall have an analytic continuation which includes the 
origin. What properties of the sequence (A n ) determine 
the existence of this analytic continuation? 

The spectral zeta function associated with the se- 
quence A„ can be expressed as 



Cd(s) = V A„ s = lim V A„ ; 

— » m. — i-r\r. — * 



(48) 



In order to define the above zeta function by means of an 
integral, let us introduce the following counting function 

F(t) = #{A„ I A„ < t} 

that is, F(t) is the number of elements in the sequence 
A„ which are less than t. The direct use of the definition 
of the Riemann-Stieltjes integral yields 

m k — 1 



\i * — y^ ^ n s + 



t~ s dF(t), 

n—1 n— 1 

< a < Xk , A m < b < A m+ i. 



(49) 



Therefore, the spectral zeta function (d(s) can be ex- 
pressed as 



1 /*°° 
Cd(s) = J2K s + r s dF(t). 

*n — 1 J At. 



(50) 



Such a formula is valid in the region of convergence of 
the series giving by Eq. (|4"8")) . Since the finite sum in the 
right-hand side of Eq. ([50]) is analytic over the whole com- 
plex s-plane, the qualitative behavior of the analytic ex- 
tension of the above function is determined by the above 
Riemann-Stieltjes integral. 

Since it is a hard task to compute F{t) in general, 
one may resort to asymptotic expansions, when they are 
available. For the case where the sequence A„ is given 
by the sequence of nontrivial zeros of the Riemann zeta 
function, wc have 



F{t) t\nt,t -> 00. 



(51) 



Using this approximation to F(t) we get, for the spectral 
zeta function of the nontrivial Riemann zeros 



fc-i 



^ -i poo 

t»(s) = J2 X n S + t- s d(t\nt). (52) 

71 = 1 

Since the integrator t In t is smooth over the interval 
(0, 00), the Riemann-Stieltjes integral coincides with the 
usual Riemann integral and we have 



t~ s d(t In t) = / r s — (tlnt)dt. 
A fc Jx, dt 



Thus, one gets for Re(s) > 1 



fc-i 



(l + lnA fc ). (53) 



(s-l) 2 (s-l) 
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Analytic continuation of the above result gives the same 
pole structure of the super-zeta G 7 (s) in the neighbor- 
hood of Re(s) > 0. 

Now let us apply the same reasoning when the sequence 
A„ is given by the sequence of primes. In this case, the 
integrator F(t) is just the prime counting function Tr(t). 
Asymptotically we have 

F(t) = %(t) « —,t ->■ co. (54) 
lni 

Using this approximation, the spectral zeta function for 
the sequence of prime numbers is given by 

Us) = £ K s + d . (55) 

The integrator is smooth over the interval (Afc, oo), Afc > 
1, then the again Riemann-Sticltjes integral coincides 
with the usual Riemann integral. The final result is 

fc-i 

Us)=J2 A- s +Ei[(s-l)lnA fe ] 
n=l 

-^r-EaKa-lJInAfc], (56) 
In Afc 

where E m (z) is the usual exponential integral. Using the 
recurrence relation 

E n+1 {z) = -[e- z -zE n {z)] n= 1,2,3.. (57) 
n 

we have 

fc-i ^ 
Cd(s) = J2 A» s + ^i[( g -l)lnA fc ]- . (58) 

n=l A fe 111 Afc 

Using the analytic continuation of such a function in 
the above result yields multi-valued functions with a 
branch point at s = 1. Comparison with the prime zeta 
function P(s) defined by Eq. (|39[) reveals that Cd(s) fails 
to reproduce qualitatively the same pole structure of P{s) 
in the neighborhood of Re(s) > 0. 

VI. CONCLUSIONS 

The analytic function which encodes information on 
the prime factorization of integers and distribution of 
primes is the Riemann zeta function £(s) because in the 
region of the complex plane where it converges absolutely 
and uniformly, the product of all prime numbers appears 
in a representation of the Riemann zeta function £(.s). 
The Riemann hypothesis claims that all nontrivial zeros 
of the Riemann zeta function £(s) lie on the critical line 
Re(s) = 1/2. This hypothesis made a deep connection 
between primes numbers and zeros of analytic functions. 
Hilbert and Polya suggested that there might be a spec- 
tral interpretation of the the non-trivial zeros of the Rie- 
mann zeta function. The corresponding operator must 
be self-adjoint. 



There are many evidences that support this point of 
view. First, there is an explicitly formula derived by Weil 
that connects the Riemann zeros with prime numbers. 
This formula is similar to the trace formula derived by 
Gutzwiller, which relates quantum energylevels to classi- 
cal periodic orbits in chaotic systems. Also there is the 
conjecture that a quantum energy spectra of classically 
chaotic systems may show universal spectral correlations 
which arc described by random matrix theory. Finally 
the crucial result obtained by Montgomery for the pair 
correlation of the nontrivial zeros connects these subjects. 

Non-separability in wave problems leads us to chaotic 
systems in the limit of short wavelengths. Therefore 
one cannot disregard the possibility that a quantum field 
model described by a nonseparable wave equation for a 
given boundary condition is able to reproduce the statis- 
tical properties of the nontrivial zeta zeros. Other possi- 
bility is to consider a field theory in disordered medium, 
such as wave equations in amorphous solids We conjec- 
ture that a system with countably infinite number of de- 
grees of freedom with randomness can be used to achieve 
further progress in the Hilbert-Polya conjecture. 

In this paper we obtained that in principle hypothet- 
ical physical systems described by self-adjoint operators 
with a spectrum given by the sequence of nontrivial ze- 
ros of the Riemann zeta function can be realized in na- 
ture. We also proved that for systems described by a 
self-adjoint operator where the spectrum is given by the 
prime numbers, the associated functional integral can- 
not be constructed. The impossibility of extending the 
definition of the analytic function P(s) to the half-plane 
a < means that the functional determinant cannot be 
defined, in virtue that the prime numbers sequence is not 
zeta regularizable. Accordingly, the results obtained here 
put series restrictions on the formulation of quantum me- 
chanical systems with a pure prime numbers spectrum. 

If one compares the Weyl law for the asymptotic series 
of the density of eigenvalues of the Laplacian operator in 
a three-space with the asymptotic distribution of the zeta 
zeros or the asymptotic distribution of prime numbers, 
we get quite different regimes. For the prime numbers, 
using the prime number theorem, we get the asymptotic 
regimes p n ~ nln?i. For the zeros for the zeta function 
we get 7„ ~ n/lnn. Although both asymptotic regimes 
are quite different from the usual systems, it is certainly a 
step forward to explain why the zeta regularization works 
for the sequence of zeta zeros and fails for the sequence 
of prime numbers. 
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